This paper studies some classes of pure hyponormal operators with finite rank self-commutators satisfying the condition that their spectra are unions of a finite collection of the closures of quadrature domains. ᮊ
INTRODUCTION
w x Recently, several works 18᎐21, 32 have given the natural connections w between operator theory and the theory of quadrature domains 1, 9, 12, x 13, 22, 23, 25 . The goal of this paper is to give further connections between these two subjects.
In the present paper, ''Hilbert space'' means a separable complex Hilbert space, and ''operator'' means a linear bounded operator on a w Hilbert space. Let A be an operator on the Hilbert space H H. Let A*, x A s A*A y AA* be the self-commutator of A. Let M s M be the 
A
This problem is naturally connected with the analytic model for the w x subnormal operators. In 29 , the author mentioned a trivial fact that for a subnormal operator S, the non-selfadjoint space M , the closure of the S w x Ž w x. range of S*, S , is invariant with respect to S* cf. also 15, 18 . Hence K s M . For the sake of the concrete model of a pure subnormal
S S
Ž w x. operator with finite rank self-commutator, the author cf. 32 generalized the concept of a quadrature domain in ‫ރ‬ to the quadrature domain in a w x finite Riemann surface 24 , while in the case of a cyclic or rational cyclic Ž w subnormal operator only the quadrature domain in ‫ރ‬ is needed cf. 18, 19, x. 32 . In Section 2 of this paper, there is a description of the definitions of such domains and related objects. We also solve for the most part the above problem for any pure subnormal operator with finite rank selfcommutator.
For a pure hyponormal operator H on a Hilbert space H H with a rank one self-commutator, based on the solution of the two-dimensional Lw x problem of moment, Putinar 20, 21 In order to make this paper readable, in Section 3 we give a brief Ž w x w x w x. account of the analytic model cf. 17 , 27 , 28 of a pure hyponormal operator with a rank one self-commutator satisfying g s 1 where
Ž .
H is bounded by a finite set of piecewise smooth Jordan curves. In this case, by means of the analytic model, the author gives another proof of the
gives a concrete description of K in terms of the eigenfunctions of H * H corresponding to the eigenvalues z , . . . , z , where z , . . . , z are the poles
of the Schwarz function of the domain D D. We also give some identities of the eigenfunctions of H * related to the quadrature identity of the quadrature domain.
In Section 4, we study the restriction of a hyponormal operator H Ž . satisfying conditions in Section 3 on any invariant subspace with finite codimension. This kind of operator is also hyponormal with a finite rank self-commutator. We solve the greater part of the above problem for this class of operators. The results in Sections 2᎐4 suggests a conjecture that for every pure hyponormal operator H with a finite rank self-commutator satisfying dim K -qϱ, the above problem may be solved positively. and the identity.
In the last section of the present paper, we study the hyponormal extension of a hyponormal operator and introduce the definition of an extremely hyponormal operator. We prove that every pure hyponormal operator with rank one self-commutator is either extremely hyponormal or a linear combination of a unilateral shift and the identity. As a by product, we give an operator theoretic proof of a basic theorem in the theory of Ž w x. quadrature domains cf. 1 that a quadrature domain of order 1 must be a circular disk. On the other hand, it also can be explained as the application of that basic theorem to the study of pure hyponormal operators with rank one self-commutators.
This work was inspired by Professor Ky Fan, a great mathematician whose fundamental contributions are well known in many areas of mathematics and include the interactions between operator theory and complex w x analysis as shown in 10, 11 , etc.
QUADRATURE DOMAINS AND SUBNORMAL OPERATORS
In order to avoid technical complexity, we adopt the following definition w x of the quadrature domain 32 . 
holds. We may choose a metric on D D such that the area element is
zyz is said to be the denominator 20, 21 of the
then ‫ޓ‬ is said to be a subnormal tuple of operators and ‫ގ‬ is said to be a normal extension of ‫.ޓ‬ If k s 1, then S is said to be a subnormal 1 operator. Some other definitions and theorems related to subnormal w x w x operators used in this paper can be found in 8 and 32 .
Ž .
Let A A be the algebra of all analytic functions on some neighborhoods of . Let D D be a quadrature domain on a finite Riemann surface.
Then from 1 it is easy to see that S is a subnormal operator with finite rank self-commutator. It is easy to see that the
For any subnormal operator S on a Hilbert space H H with minimal normal extension N on K K, it is easy to see that S*M ; M where M s w 
Ž . which implies 6 and 7 , since S is pure and codim G G -qϱ. for every hyponormal operator H with rank one self-commutator, which Ž w x w x w x. can be proved by the commutation relation cf. 7 , 27 , 29 .
Ž . Ž w x. 
20
Ž .
for every hyponormal operator H with rank one self-commutator satisfying 
Ž . On the other hand, from 18 , it is easy to calculate that
Ž . and 28 , 21 follows. From 28 , it is easy to see that 22 is a set of linearly independent vectors in H H. We have 
where p q иии qp s p. 
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Proof. Lemma 2 gives the structure of the orthogonal complement G G H of G G. In order to avoid the complexity of the notation, we only consider : j s 1, . . . , p , where a , . . . , a are differ-
The general case follows from the limit process since l Ž . Ž . Ѩ E и, a is the limit of some linear combinations of E и, a q jh , j ŝ0 , . . . , l, and the operators C and ⌳ continuously depend on a , . . . , a . In , a s E a , a s 0, for j s 1, 2, . . . , p. These Let P and P H be the orthogonal projections from H H to G G and G By a direct calculation and 39 , 
